AN INDEX FORMULA FOR HYPERSURFACES WHICH ADMIT 
ONLY GENERIC CORANK ONE SINGULARITIES 



KENTARO SAJI, MASAAKI UMEHARA, AND KOTARO YAMADA 

Abstract. Let / : Af^'" jf2m+i ^ hypersurface which allow only 
generic corank one singularities, and admits globally defined unit normal vec- 
tor field 1/. Then wc show the existence of an index formula. For example, 
when m = 1 or m = 2, it holds that 

2deg{;.) = x{Ml) - x{m1) + x(A+) - xiAg), 
2deg{,y) = x{mX) - x(m1) + x{A+) - x{A^) + x(A+) - x{A7^), 
respectively, where M^™ (resp. M'^) is the subset of M^"^ at which the co- 
orientation of M^™' induced by v coincides (resp. does not coincide) with the 
orientation of M^™ for m = 1, 2, and xC^ij+i) (resp. x(A2*!-|-i)) = 1, 2 is 
the Euler number of the set of positive (resp. negative) .A2fe+i-singular points 
of /. The formula for m = 1 is known. To prove the results, we prepare an 
index formula for corank one singularities of vector bundle homomorphisms 
on M-^"*. As its application, an index formula for Blaschke normal map of 
strictly convex hypersurfaces in 7j2m-|-i jg ^^^^ given. 



1. Introduction 

Let M" be an oriented closed n-manifold, and tp : TAf " £ & homomorphism 
between the tangent bundle TM"^ and an oriented vector bundle £ of rank n on 
M". Suppose that Lp allows only generic corank one singularities, namely it has 
only ^^-singularities. When n = 2to is an even number, the Euler characteristic 
X£ of the vector bundle £ satisfies the following formula 



(1.1) xe = X{MI) - x{Ml) 



rn y 
.7 = 1 ^ 



where x(-^") (resp. x(Af-)) is the Euler characteristic of the subset M" (resp. M") 
of M" at which the co-orientation induced by Lp is (resp. is not) compatible with 
the orientation of TM" (cf. (|2.2I) ). the number x(^J,+i) (resp. x(^2j+i)) 
Euler characteristic of the set of positive (resp. negative) „42j+i-points. In partic- 
ular, x(A+„+J (resp. x(^2m-fi)) is equal to the number #A+ ^^-^ (resp. #A-„+i) 
of positive (resp. negative) ^2m-n-points (cf. Definition 12. 2p . For example, the 
formulas for = 2, 4 are given by 

X£ = x{Ml) - xiMl) + #A+ - , 

Xs = xiMt) - X(M1) + x{At) - X(^3 ) + - . 
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Moreover, when £ = TlVP^ and Lp is the bundle homomorphism map, we get 

(1.2) 2x(M!') = (xK-+i) - • 

i=i ^ ^ 

The formula ()l.ip is an analogue of the Gauss Bonnet-type formula for closed 
surfaces given in [T31 (2.4)], [T71 (3.1)] and |16,. In fact, the left hand side of 
(jl.ip can be written in terms of the integration of the Pfaffian of curvature form of 
an arbitrarily given metric connection on £. The assumption that Lp admits only 
^^-singularities (fc > 2) is meaningful, since one can generate a pair of connected 
^2r+i-sets on the set of ■A2r-i-points for each r = 1,2,.... Also, as pointed out in 
Saeki and Sakuma [12 , any closed orientable 4-manifolds with vanishing signature 
admit C°°-maps into R"^ having only fold or cusp singularities. The Z2-version of 
our formula ()1.1|) was given by Levine [6]. If we set the derivative of a Morin 
map / : M" A^", then we get a formula (17. ip . which is proved by Nakai ^ and 
Dutertre-Fukui [Ij. (In this paper, the numbering of Morin singularities is different 
from the usual one, see Remark 12.31 ) So the formula (|l.ip is a generalization of 
them. Our proof is independent of those in ^9^ and [4J. More precisely, we apply the 
Poincare-Hopf index formula for sections of oriented vector bundles. (In ^ and [4], 
Viro's integral calculus [TBI is applied.) It should be remarked that index formulas 
in Z2-cocfficients for globally defined Morin maps / : M" — >■ (n > p) are given 
by Fukuda 5 and Saeki [TT] . 

Our main purpose is to prove the following two assertions: 

Theorem 1.1. Let M^™ he a 2171 -manifold and J : A/^™ jj2m+i ^ ^^^^ ^^^^^^ 
Suppose that f admits only Ak- singularities {2 < k < 2m + 1). Then the singular 
set of f satisfies the identity 

(1.3) 2 deg(z>) = xiMln - xiMln + £ - x(^2,+i)) - 

where deg{u) is the degree of the Gauss map v: A/^™ S*^™ induced by f, x(Af^™) 
{resp. x(-Af^™)) is the Euler characteristic of the subset M^™ {resp. Af^™) of M"^"^ 
at which the volume density function 

A := dci{f^^,- ■ ■ ,fx2r^,i>) 

is positive {resp. negative) for an oriented local coordinate system {xi, . . . ,X2m), 
where f^. = df jdxj. 

This formula is not a direct consequence of the index formula for the Gauss map 
V. In fact, the singular set of / does not coincide with that of its Gauss map in 
general. On the other hand, the following assertion is a hypersurface version of [16[ 
Theorem 3.2]. 

Theorem 1.2. Let S'^" he the 2m-sphere and f : 5*2" ^2™+i ^ strictly convex 
immersion. Suppose that the Blaschke normal map ^ : 5^™ — > {cf. (|7.5p ) 

admits only Ak- singularities for 2 < k < 2to + 1. Then the singular set of ^ satisfies 
the identity (|1.2p . where Af^™(= 5*^^"') is the subset of S^"^ at which the determi- 
nant of the affine shape operator (called the affine Gauss- Kronecker curvature) is 
negative, and Al^jj^i [resp. A2j_^_i) is the set of positive [resp. negative) A2j+i-points 

of ^ for each j = 1, . . . ,m. 
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To prove the formula, we apply our formula (|1.2p by setting tp the derivative of 
the affine shape operator of / (see Section [71) • 

The paper is organized as follows: In Section [5J we give a precise definition of 
^fc-singularities and show the well-definedness of the positivity and the negativity 
of odd order ^2fc+i-singular points. In Section [3l we define characteristic vector 
fields with respect to the homomorphism if : TM" £ and show the existence of 
such a vector field X defined on M". It is well-known that the sum of all indices 
of zeros of a section Y of £ are equal to the Euler characteristic Xg of the vector 
bundle £. Since the section Y := (p{X) of £ has finitely many zeros, it holds that 

(1.4) xs^ E indp(y) + ---+ ''^MY) + E ^^^^(r). 

peM'^\A2 peA„\A„+i peA„+i 

Using this, we prove the formulas However, for the sake of simplicity, we 

prove only for the cases n = 2, 4 in Sections [4] and [H The general formulas can be 
easily follows by imitating these proofs. Finally, in Section [71 we prove Theorems 
11.11 and 11.21 Several other applications are also given in Section [71 

2. Preliminaries 

Let M" be an oriented closed n-manifold and (p : TM" £ a bundle homomor- 
phism between the tangent bundle TM" and an oriented vector bundle £ of rank 
n. Then a point p € M" is called a singular point if the linear map ipp : TpM — £p 
has a non-trivial kernel, where £p is the fiber of £ at p. Since M" is oriented, 
we can take a non-vanishing n-form defined on M" which is compatible with 
respect to the orientation of M". Furthermore, since £ is also oriented, there is a 
non-vanishing section ^ of the determinant line bundle of the dual £* of £ defined 
on Af" which is compatible with the orientation of £. Then there is a (unique) 
C°°-function A : M" R such that 

(2.1) (^> = Arj, 
where ip* is the pull-back of ji by ip. We set 

(2.2) Ml {p G M" ; \{p) > 0}, M!! {p G M" ; X{p) < 0}. 

A point p G A/" is a singular point if and only if X{p) = 0. A singular point 
p G A/" is called nondegenerate if the exterior derivative dX does not vanish at p. 
The bundle homomorphism ip is called nondegenerate if all of the singular points 
are nondegenerate. If ip is nondegenerate, the singular set 

{p G Af" ; A(p) = 0} 

of p is an embedded hypersurface of Af", which coincides with the boundary dM^ — 

Suppose p is nondegenerate. 

Definition 2.1. Let U be an open subset of A/". A function h : U ^ R is called 
a p-function around p G E"^^ n J7 if the following hold: 

(1) dh{p) ^ and has the same sign of dX{p), and 

(2) E"-i n f7 is the level set ft. = near p. 

For each (p-function, the well-known preparation theorem for C°°-functions yields 
that there exists a C°°-function a on U such that 



(2.3) 



h = e^X. 
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Of course, A itself is a (^-function. In the following discussion, we may replace A 
by an arbitrarily fixed (^-function. 

Since ip is nondegenerate, the kernel of ip at each point p € is of dimension 

1. In particular, there exists a smooth vector field f] defined on a sufficiently small 
neighborhood J7j,(c Af") such that the restriction 

n ■= vlupH^"-^ 

has the property that r/q belongs to the kernel of ipq for each q 
call T] a null vector field and 77 an extended null vector field (cf 
set A(o) := A, 

A(= Ad)) := dA(ry), A(= A^^)) -.^ dA(r)), A (- A^^)) 

and 

(2.4) AC^+i) :=dAW(77) (fc = 0, 1, 2, . . . )■ 
inductively. 

Definition 2.2. Let (p: TM"- ^ £ be a nondegenerate bundle homomorphism and 
E"^^ its singular set. A point p G E"^^ is called an A2-point if the extended null 
vector field ij is not a tangent vector of E"~^ at p (cf. [TTj Definition 2.1]). Then 
the set of ■42-points is given by 

(2.5) A2 := {p e E"-i ; ^ T^E"-!} = {p e E""! ; A(p) ^ 0}. 

A point p G E"^^ \ A2 is called 2-nondegenerate if dA does not vanish at p. In this 
case 

(2.6) E"-2 E"-i \ yl2 = {9 e E"-i ; A(g) = 0} 

consists of a hypersurface in E"^^ near p. A point p G E"^^ is called an As-point 
if it is not an ^2-point, but A — dX{fi) does not vanish at p. In this case, p is 
2-nondegenerate and the set of ^3-points near p is given by (cf. Definition 2.2]) 

(2.7) A3 := {q G E"-2 ; Tjq ^ r,E"-2} ^{qe E"-^ ; A(g) ^ 0}. 

We define ^fe+i-points (fc > 3) inductively, assuming that ^^-points has been 
defined, as follows: Suppose that p is a fc-nondegenerate point. Then the set l]"-'^ 
of fc-nondegenerate points is an embedded (n — fc)-submanifold of M" near p. Then 
p is called a (fc -I- 1) -nondegenerate point, if dA'^'"'"^-' does not vanish at p. By this 
induction, it holds that 

^n^k ._ 5]"-fe+i ^{qe E"-''^+l ; X^''-^\q) ^ 0}, 

which is an (n — fc)-dimensional submanifold of A/". A (fc — I)-nondegenerate point 
p G E"^^ is called an Ak+i-point if it is not an ^fc-point and A^'^'' = dA'^'"'^^) (77) 
does not vanish at p. By definition, such a point p is fc-nondegenerate and the set 
of ^fc+i -points has the following expression near p: 

(2.8) Ak+i {q G E"-"+l ; ry, ^ TE"-^'} ^ {q e E"-^-+l ; A^'^-^) (q) ^ 0}. 

Our definition of .4fe-points is independent of both the choice of extended null 
vector fields fj and the choice of i^s-functions A (cf. [I5]). 



eUpH E"-i. We 
. [Ill p. 733]). We 

dX(ij) 
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Remark 2.3. As seen in the following Examples 12.61 and 12.71 our definition of Ak- 
points gives a unified intrinsic treatment of singularities of Morin maps between the 
same dimensional manifolds and the ^^-singularities appeared in hypersurfaces in 
R^'^^ at the same time. However, in this intrinsic treatment, usual fc-th singularities 
for Morin maps and ^^+1 -singularities for wave fronts are both regarded as Ak+i- 
singularities of bundle homomorphisms. In other words, the order of singularities of 
Morin maps is not synchronized with the order of singularities of the corresponding 
bundle homomorphisms. For example, a fold (i.e. a Morin- 1-singularity) and a cusp 
(i.e. a Morin-2-singularity) induce an ^2-singular point and an ^3-singular point 
of bundle homomorphism, respectively. 

The following assertion holds: 

Fact 2.4 ([m Theorem 2.4]). A point p e is an Ak+i-point (l < k < n) if 

and only if 

(1) x{p) = xip) = ■■■ = ac^-d ip) - 0, ac^) ip) + 0, 

(2) and the Jacobi matrix of an -valued C°°-map A :— (A, A, ... , A''''^-'^^) is 
of rank k at p. 

If = 1, then dA = d\ and the condition |(2)| of Fact l2.4l is automatically satisfied 
for .A2-points and ^3-points. In other words, the second condition of Fact 12. 41 comes 
into effectively only fc > 3. We denote by Ak the set of ^fc-points in M". 

Definition 2.5. A nondegenerate bundle homomorphism ip : TM" £ is called 
a Morin homomorphism if the set of singular points of ip consists of -points for 
fc = 2,3,...,n-Hl. 

This definition is motivated by the existence of the following two typical exam- 
ples: 

Example 2.6. Let M" and TV" be oriented n-manifolds, and let / : M" — > iV" be a 
C°°-map having only Morin singularities. Then the differential df of / canonically 
induces a map 

ip = df : TAr — > £f := f*TN'', 
which gives a Morin homomorphism (cf. Appendix of [14j). Let fijvf" aud flj^n be 
the fundamental n- forms of M" and iV", respectively. Then there exists a C°°- 
function A on Af" such that /*wjv" = Awa/" holds. The set M^f (resp. M!!) 
coincides with the set where A > (A < 0). The sign of the (p- function A coin- 
cides with the sign of the Jacobian of / with respect to oriented local coordinate 
systems of M" and N". In this case, Afc-singularities of the Morin map / are 
^fc+i-singularities of the Morin homomorphism p — df (see Remark l2.3p . 

Example 2.7. Let / : Af" — R"^^ be a wave front which admits only Ak+i- 
singularities (fc — Suppose that / is co-orientable, that is, there exists 

a globally defined unit normal vector field v along /. Let f*TR^^^ be the pull- 
back of TR"-^^ by /, and consider the subbundle £f of f*TR^^^ whose fiber £p at 
p e Af " is the orthogonal complement of Vp. Then the differential df of / induces 
a bundle homomorphism 

ipf^df: TM"- df{v) e £f 

called the first homomorphism of / as in fl5', Section 2], which gives a Morin 
homomorphism (cf. Appendix of |14{). Consider a function 

A := dct(/a;i, • • • ,fx„,i^), 
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where /a;. :— df/dxi {i ~ 1, . . . , n) and (xi, . . . , x„) is an oriented local coordinate 
system of M". Then A is a iy9- function, and the set M" (resp. M") coincides with 
the set where A > (resp. A < 0). 

3. Characteristic vector fields 

We fix a Morin homomorphism (p : Af" — > £. Then 

(3.1) E"-! = A2U---UA„+i, J:^ = A,,UAn+i, S° = A„+i 

hold. Since A/" is orientable and closed, S-' are j-dimensional orientable and closed 
submanifolds of Af", for each j = 0,l,...,n — 1. We now fix a Riemannian metric 
ds^ on Af". Then, we can take a normal vector field nj globally defined on each 
hypersurface embedded in E-'"^ for j = 0,1, . . . ,n — 1, where S" := Af". 

The following assertion holds, which will play a crucial role in proving our index 
formula: 

Proposition 3.1. If k (2 < fc < n + 1) is even, then the sign of the function A^'^^ 
as in (j2.4p on the set S""*^ does not depend on the choice of the sign of the null 
vector field rj. 

Proof. Even if we change the null vector field rj to —77, the sign of the function A^*^^ 
on the set S"^*^ does not change, since k is even. □ 

By the proposition above, the following two subsets of are well-defined if 

k is even: 

E';-''^ := {p e E"-'' ; \^''\p) > 0}, E^'' := {p G E""*^ ; A('=)(p) < 0}. 

Proposition 3.2. Let k be an odd number, and p an Ak+i-point. Then the vector 
field X^'^^rj along S"^*^ points towards the domain E"^ '^'^ at p, where E" :— Af". 

Proof. We denote by ds'^_f,^^ the Riemannian metric of 5]"^'^+^ induced by the 
Riemannian manifold {M", ds^). Then the hypersurface E""*^ embedded in S""*^"*"^ 
can be characterized as the level set A*^*^"^^ = 0. Then we have that 

rf4-fe+i(^P,grad(A('=-i))p) = dX^^-'Hvp) = AW(p), 
where "grad" denotes the gradient of the function with respect to the metric 
ds'^i-k+i- Thus ds^j_j,^j(A('')77,grad(A(''^^))) is positive at p. Since grad(A(''"^)) 
gives the normal vector field along S"^*^ pointing towards E""*^"^^, the assertion is 
proven. □ 

There is ±-ambiguity in the choice of a normal vector n„_fc along the hyper- 
surface E"^*^ in So, if k is odd, we assume that n„„fe points towards the 
direction El;-'^'+^ 

Definition 3.3. Let ip : TM" — > £ be a Morin homomorphism and p an A2k+i- 
point. Since the sign of A*-^*^' (p) does not depend on the ± ambiguity of the choice 
of extended null vector field fj (cf. Proposition [3T]), we callp a positive A2k+i-point 
(resp. a negative Aik+i-point) if A'-^'')(p) is positive (resp. negative). 

The set of positive (resp. negative) A2fe+i-points is denoted by A^f^^i (resp. 
A^k+i)- Then 

Atk+i ■■= {P e A^k+i ; A(2'=)(p) > 0} = Er'' \ E"-2'=-i, 



(3.2 



A2k+i ■■= {P e A2k+i ; A(2'=)(p) < 0} = Er'"- \ E"-2'=-i 
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hold. If n = 2 and / : A/^ is a wave front, then positive (resp. negative) 

^3-points as in Example 12.71 correspond to positive (resp. negative) swallowtails. 

The Riemannian metric ds^ on M" induces a geodesic distance function on each 
submanifold (j = 0, 1, . . . , n — 1). For a positive number ^ > 0, we denote by 
Afsi^-') the (5-tubular neighborhood of in where S" := Af". Since our 

conclusion does not depend on Riemannian metrics on Af", we may also as- 
sume that our Riemannian metric ds^ satisfies the following condition, by changing 
the metric if necessary: 



For each k = 0,...,n — 1, the normal vector field is proportional to the 
null vector field 77 on S*^ \ A/a(S'^~^), where ^ > is a constant. 



Let X be a vector field of M" which vanishes at p e A/". Take a local coordinate 
system (t7; xi , . . . , x„) at p and write 

0X1 OXn 

Then a zero p of X is called generic if the Jacobian of the map 

does not vanish ai x = p. A vector field X defined on Af " is called generic if all its 
zeros are generic. 

Definition 3.4. A C°°-vector field X defined on Af" is called a characteristic 
vector field for a Morin homomorphisum ip : TM" if it satisfies the following 

four conditions. 

(i) X is a generic vector field on Af" which does not vanish at each point of 

(ii) For each k = 0, . . . , n — 1, there exists a generic vector field Xk along S*^ 
such that the zeros of tf{X) on YJ^ \ E*^^^ coincide exactly with the zeros 
of Xk on S*"'. Moreover, tf{X) = (p{Xk) holds on E'"'. In particular, ip{X) 
vanishes on ^„+i -points. 

(iii) For each ^fe+i-point p (i.e. p e E"^'^ \ j^n-k-i^ satisfying ip{Xp)=0, there 
exists a neighborhood U oi p oi Af " such that the restriction X to U H T,^ 
is tangent to S-' for j — n ^ k + 1, . . . 

(iv) The function given by the inner product ds'^{X, rik) is non- negative along 
S'^ and positive on E'^ \ A/5(S'^~^) for fc = 0, 1, . . . , n — 1 and for sufficiently 
small (5 > 0. 

In this section, we shall construct a characteristic vector field, which will play a 
crucial role in proving the formula ()l.ip in the introduction: 

Proposition 3.5. There exists a characteristic vector field defined on Af" associ- 
ated to a Morin homomorphism ip. 

Proof. For each p G An+i, the 0-th normal vector no{p) G TpT,^ is a null vector at 
p. Applying Lemma lA.ll in the appendix by setting K = T,'^ and = E^, there 
exists a generic vector field Xi on E-'^ such that Xi{p) = no(p) for each p e An+i. 
Thus we can take a vector field Xi on E^ which does not vanish on E° = An+i. 
By definition, Z{ip{Xi)) = An+i U Z{Xi) holds, where Z{(p{Xi)) (resp. Z{Xi)) is 
the zeros of (p{Xi) (resp. Xi). 
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We extend Xi to a vector field X2 on : We consider a (5-tubular neighborhood 
AfsC^^) in S^. Since we can take S to be sufficiently small, there exists a canonical 
diffeomorphism 

£2 : X [^6, S] 

such that s M> e2{q, s) is a normal geodesic with the arclength parameter starting 
from each q G T,^ with the initial velocity vector rii. Then 

~ f N de2{q,s) 
n,iq,s) 

gives the unit vector field defined on Afs{^^) which is an extension of rii. Let 
/9i : — > [0, 1] be a smooth function satisfying 



Pi (9) 



1 (if geAA5(E0)), 

{iiq^J\f25{^°)), 



and pi e (0,1) on ^^(1]°) \ A/'5(S°). Let Xi be the vector field on J\fs{T.^) via 
parallel transport of Xi along each normal geodesic s i-> e2{p, s). We set 

(3.3) W2{q,s) -.^ X,{q,s) + (^s^p,{q) + {1 - p,{q))^nA,q,s), 

which is a vector field on Afs{^^)- Since 

sVi + (l-pi) >0 

on \ A/5(E"), W2 has no zeros on Afsi^^)- Moreover, (p{W2) = -^(^i) holds on 
E^ because of the property Q. 

Since E^ is compact, we can apply Lemma lA. II in the appendix by setting K — 
MiiT?-) and := E^, and get a generic vector field X2 defined on such that 
X2 coincides with X\ on E^. By definition, 

Z{'^{X2)) = v4„+i U Z(Xi) U Z{X2) 

holds. Moreover, Z{X) does not meet A/5(E^), by our construction. 

We now assume that Xk {k > 2) has been already defined and give a method to 
construct the vector field Xk+i, as follows: Since S can be taken to be sufficiently 
small, there exists a canonical diffeomorphism 



such that t 1—^ ek+i{q,t) is the normal geodesic of E'^^^ with arclength parameter 
starting from each q G E'^ into the direction n^. Then 

~ / N dek+i{q,s) 
nfe((7,s) 



ds 

gives the unit vector field defined on J\fs{'S.'^) as an extension of rifc. Let 

Pk-.^" ^[0,1] 

be a smooth function such that 

'1 (if geAA,-(E'=-i)), 
(if <7 0AA25(E'=-i)), 



Pk{q) 
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and pk e (0,1) on A/'25(S'''"^) \ ^(S''"^). Let Xk be the vector field on Afsi^'') 
via parallel transport of Xk along each normal geodesic s ek+i{q, s). We set 



(3.4) Wk+iiq,s) ■.= Xkiq,s)+ \^s'pkiq) + il- Pkiq))jnkiq,s), 

which is a vector field on 7V5(S'°). Then Wk+i has no zeros on 7V5(S'^) since Xk 
does not vanish on N's{Ti^~^). We then apply Lemma lA.ll in the appendix by 
setting K = Mf,{Y}') and get a generic vector field Xk^\ defined on 2*^+^ such that 
X coincides with Xk on Yl^ . It can be easily checked that X X„ is a desired 
characteristic vector field. □ 

4. The two dimensional case 

Here we prove formula (jl.ip for n ~ 2. Although this formula was proved as a 
corollary of the Gauss-Bonnet formula in [16 and [17 , our proof in this section is 
new. 

Let X be a characteristic vector field associated to Lp : TIvP E. Take a section 
y of f as y := ^{X). Then the following assertion holds: 

Proposition 4.1. Let Z{Y), Z{X) and Z(Xi) be the set of zeros for Y , X and 
Xi, respectively. Then it holds that 

(4.1) Z{Y)C]{M'^\Y}) = Z{X), 

(4.2) z(y)n(si\sO) = z(Xi)cA2, 

(4.3) Z{Y) n S° = A^. 



Proof. Since Y — ip{X), the property (i) implies that Z{X) C Z{Y). Since (/? 



TpM"^ £p \s a. linear isomorphism when p £ A'P \ S^, we have ()4.ip . Since 



Z{Xi) n E*' is an empty set, the property (iii) of characteristic vector field yields 



z(y) n (I]i \ E") = Z{Xi). 

Since Y = f{Xi) on and Xi is proportional to a null vector no(p) on each 
.As-point p, we can get (|4.3p . □ 

When n — 2, (11.41) reduces to 

(4.4) X£= E indp(y) + indp(y) + indp(r). 

pej\/2\si peA2 P6A3 

Proposition 4.2. The first term of the right-hand side of (j4.4p satisfies 

(4.5) E indp(y)=x(M!)-x(A/!). 

Proof. We denote by sgn(A(p)) the sign of the function A at a point p. Since 
sgn(A(p)) = 1 (resp. sgn(A(p)) = —1) if Lpp : TpNP £p is orientation preserving 
(resp. orientation reversing), we have that 

indp(y) = sgn(A(p)) indp(X) (p £ \ A^). 

We set 



MliS) := Af2 \ A/-,(Ei), M!(,5) \ AA5(Ei) {S > 0), 

where the overline means the closure operations. If we choose S sufficiently small, 
then Z(y)n(M2\Ei) is contained in Ml{S)UM^{d) and (,5) (resp. M^{6)) has 
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the same homotopy type as A/^ (resp. Af^). In particular, the following identity 
holds 

(4.6) "^dp(y)= J2 indp(X)- J2 i^dp(X). 

p£M^\A2 peMliS) peM^(S) 

Here, —X (resp. X) is the outward vector of M^{6) (resp. M'^{6)) by the property 
of Definition 13.41 of the characteristic vector field X. Since the operation X n> 



-X is orientation preserving, applying the Poincare-Hopf index formula (cf. [8 ) , 
we have that 

X{MI) = x{Ml{6)) ^ J2 indp(-X)= ^ ind,(X) = ^ indp(X). 

peMliS) peMliS) p€Ml 

Similarly, we can also show that 

x(m!) = indp(X), 

peiP 

which proves the assertion. □ 
Proposition 4.3. The second term of the right-hand side of (j4.4p satisfies 

(4.7) J2 i^dp(>^) = 0. 

P&A2 

Proof We fix p on Z{Y) n (E^ \ E"). Then p is an ^2-point. Let ([/; xi, ^2) be a 
local coordinate system of around p which is compatible to the orientation of 
such that E-"^ is the level set xi = and 

fj :— d/dxi 

gives an extended null vector field on U (cf. (|5.2p ). By the well-known preparation 
theorem for C°°-functions, there exists a section ei oi £ onU such that 93(77) = Aci. 
On the other hand, we set 62 := Lp{d/dx2)- Then {ci, 62} gives a frame field of f 
on U. In fact, since 

d \ f d 



is a tp-ftmction (cf. Definition l2.ip . there exists a C°°-function / such that (cf. (|2.3p ) 

Ae-^ = fi{ip{d/dxi),(p{d/dx2)) = A^(ei,e2), 
which implies that /i(ei, 62) 7^ 0. Now we set 
d d 

^ = 6^ '^^2^7— and 1" = Ciei +(262. 

0x1 0x2 

Then it holds that 

Ci = Aa, C2 = e2. 

Since A vanishes on S^, we have \{p) — Xx^iv) — Oj where '■— dX/dx2- In 
particular, (Ci)2:2 — clC,i/dx2 — holds at p. On the other hand, since (Ci)a:i — 
Xxx£,i = A^i holds at p, we have that 



sgnldetlj^ij-^ i^ij-M ) =sgn(ACi(C2) 



(C2)a:i (C2 



•X2 



1X2 



sgn A^i (^2)2:2 = indp(Xi)sgn A^i 
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Here we used that Xi — £,2{d / 8x2) , which is the conclusion of (ii) of Definition [33J 
fj = d/dxi, and the fact that = {xi = 0}. Since p ^ J\fs(T,^) for sufficiently 
small 6, the characteristic vector field X points in the direction of Af^ = {A > 0} 
at p. So we have that 

sgn(Ci) = sgn(A) 
holds at p. Thus X{p)^i{p) > and 

indp(y) =indp(Xi). 

Since Z{Xi) C A2, applying the Poincare-Hopf index formula for the vector field 
Xi on E^, we get the assertion. □ 

By (|4.4I) , Propositions 14.21 and 14. 3[ the formula (jl.ip follows immediately from 
the following assertion: 

Proposition 4.4. Let p be an arbitrarily given A^-point. Then it holds that 

'1 



indp(r) = 



^1 (i/peAg 



Proof. We take a local coordinate system [U; xi,X2) centered at p such that 8/8x2 
gives a null vector field along Y} . In particular, {8/8x2)p S TpE^. We set ei := 
(f {8/8x1). Since cp{ij) {rj :— 8/8x2) vanishes on S^, there exists a section 62 off on 
U such that ip{8/8x2) = ^{f}) = Ae2. Since ^{e2,'p{f})) — ^{•.p{8 / 8xi),(p{8 / 8x2)) 
is a (^-function (see Definition 12. ip . there exists a C°°-function / such that (cf. 

Xe^ = ^(ei, 93(77)) = A^(ei, 62), 
which implies that ei, 62 consists of a frame of £ on U. We set 

x^ei^ + 6^. 
8x1 0x2 



By (iii) and (i) of Definition 13.41 Xp e TS^ and Xp ^ 0, and hence we have 
^i{p) = and ^2ip) ^ 0. We now set 

(4.8) y = Ciei+C2e2. 



Then it holds that Ci — £,1 and C2 — A^. By (iii) of Definition 13.41 X is tangent to 
on a neighborhood of p. Since A vanishes along E^, it holds that 



= dA(X) = A,,6 + Ae 



2 

at p, where we used the fact that Xx^ = X. Since dX{X) vanishes along E^ and 
8/8x2 G TE\ the fact £i{p) = A(p) = yields that 

= ^^^^ = A^^ix^a + A., (a)x, + A6 + A(6).. 

= A:,,(a).. +A6 

holds at p. Since (iA(p) 7^ and Xx2 — 0, we can conclude that Xx^ip) ^ 0. In 
particular, we have that 

(c \ I \ A(p)6(p) 

yp) 
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By using the facts Xxiip) = ^{p) — 0, we have that 

i(i).Ap) (ei)x.(p)V 
KAp)Up) 1, 



mdp(F) = sgn |^det 
= sgn I det 



sgn LiP)x.Ap) ) = «g^( i^ipym 



Since the sign of an ^3-point coincides with the sign of A, Proposition l4.4l is proved. 

□ 

5. A KEY LEMMA FOR HIGHER DIMENSIONAL CASE 

In this section, we prove the foUowing assertion, which will be a key to proving 
our formula for n-dimensional manifolds {n >3). 

Theorem 5.1. Let X be a characteristic vector field associated to the bundle homo- 
morphism ip : TM" £. Let {U; xi, . . . , x„) be a local coordinate system centered 
at an Ak+i-point p € M" (fc > 1) satisfying the following properties: 

(a) . . . , x„) gives a local coordinate system of the singular submanifold 
j]n-j foj. each j — 1, . . . , fc, that is, 

= {{xi,...,Xn);Xi ^■■■^Xj^O}, 

(b) d/dxj-^-i, . . . , d/dxn spans the tangent space of for each j = 1, . . . , fc 
at p, 

(c) d/dxk coincides with an extended null vector field fj on U . 
Suppose that Y := ^p{X) vanishes at p. Then X has an expression 

^ , a B 

X — Ci-^ !-•••+ — I 

0X1 OXn 

such that 

(5.1) 6b)^0, C,(p)=0 (j = l,...,fc-l,fc + l,...,n), 

and we have 

indp(y) = sgn{ik{pt\''''\p)^ indp(X„_fc). 

Remark 5.2. The existence of the coordinate system (xi, . . . , Xn) as in (j5.ip is shown 
as follows: Firstly, we take a coordinate system (j/i, . . . , y„) such that (y^+i, . . . , yn) 
gives a local coordinate (at p) of the singular submanifold E"^^ for each j — 
1, . . . ,n — 1. Let fj be an extended null vector field and q ^ ipt[<l) be the local 
1-parameter group of transformations generated by fj. Consider the map 

(2/1, • • ■ , yk-i,t, yk,---, yn) ' — > i^tiyi,- ■ ■ : yk-~i,0, yk,---, yn), 
which gives the desired local coordinate system. 



Proof of Theorem \5. 1\ By (p{X) = at p, the property (i) of the characteristic 
vector field X and (c) we have (|5.ip . Moreover, the property |(a)[ Xn-k (as in 
Definition 13. 4p is represented as 



(5.2) Xn-k^^k+ij; + ---+in^- 

OXk+l OXn 
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We set 

Bj :— ip{d/dxj) (j = 1, . . . , fc — 1, fc + 1, . . . , n). 

By the well-known preparation theorem for C°° -functions, we can write ip{d /dxk) = 
Acfe , where Bk is a local section defined on a neighborhood of p. Since 

is a (^-function, we have that 

/i(ei,...,e„) ^ 0, 

which implies that ei,. . . , e„ gives a frame on the vector bundle £ around p. So 
we can write 



(5.3) Y = Ciei + • • ■ + C„e„ where Cj = | ^ 
We set 

J :— det(Cij),;j=i,...,„, Cij •= 



\, ij + k) 

Kk U = k). 



If Jip) ^ 0, it holds that 

(5.4) indp(r) = sgn(j(p)). 
Since A vanishes on S"^^, the property |(b)| implies that 

(5.5) A(p) = A,,(p) = .-. = A,„(p)=0. 

Moreover, since dX{p) ^ (in fact, p is a nondegenerate singular point), we have 
that 

(5.6) A,,(p)^0. 
Then the equality Cfc := A^fc yields that 

(5.7) (a).i(p) = Uv)\-.M + 0, (a)x.(p) = • ■ • = (a)x„(p) = o. 

Consider the case that k > 2. Then by the property (iii) in Definition 13.41 X is a 
tangent vector of S"^^. Since A vanishes along S""-'^, we have 

n 

1=1 

Since 9/9x2,. . . , d/dxn are tangent vectors of at p, (j5.5p and (15.11) yield that 

cWA(X) 

= iijXxt + CfcAxfc.Kj = CijAxi + ffcAajj (j = 2, . . . , n) 
holds at p, where := dQ/dxj and we used the fact that 



Ax,,:., = rfAx, (a^j " '^^'^^ ^"^^ " ^''^^ 

On the other hand, A is identically zero on S"^^, so |(b)| implies that 
(5.8) A,,. =0 (j > 3). 
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Hence we have 



Cij - Cij - 



(ifj>3), 
-ikX.JXx, (ifj = 2). 



Now we would like to show that 
(5.9) A('r'Hp)y^O, Cm, 







(m-1) 



(ifj >m + 2), 
(if J = m + 1) 



for m = l,...,fc — 1, by induction. We have already shown it for to = 1. We prove 
the assertion for to(< k — 1), assuming it is true up until to — 1. Since X is a 
tangent vector of E"^™ and A*^™^^) is constant along S"^™, we have that 



(5.10) 



= dA("-i) {X) = ^ C»Ai7~^) on 



i=l 



since A'™^ is identically zero on E" ™. On the other hand, since a1™ (p) vanishes 

for j > TO + 1, the fact dA^^^^Hp) ^ implies that \'iT^\p) ^ 0. Differentiating 
(|5.10p and using (|5.ip . we get the identity 



(5.11) 



a<iA('"-i)(X) 



n 



= U-A^-'^ + aAi™-^i) = U-A^-'^ + ^Ai™) (j > TO + 1). 
Then, the fact — aI™"* (j' > to + 2) reduces (|5.12p to the following two identities 

(5.12) C™,Ai™-i)=0 (j>TO + 2), 

(5-13) UAir'^+?fcA(!^^^, -0, 

which proves (15. 9p . In particular, when to = fc — 1, it holds that 



(5.14) A(tf(p)7^0, Cfc-i,, =a- 



_jO (ifj>fc + l). 



since Alt"'^ = dAt^-D (r)) = A^^'). 

Now taking (|5.2p into the account, we have that 



/ c 



J = det 



1,1 



Cl,2 



O 



Cfc-14 Cfc-l 



Cfc,i 
* 



Cfc-1,2 















* * Cfc+i,fc+i 



* * Cn,fc+1 

/ Cfc+l,fc+l • • • Cfc+l,Tl 



\ 




Cfc+l,r! 
Cn.n / 



(-i)'"'aMCi.2---a-i,2det 



+ 1 
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Hence we have 

indp Y = sgn(j(p)) = (-1)''^^ sgn^Cfe,iCi.2 • ' • Cfc-1,2^ indp(X„_fe) 
= (-1)^-1 indp(X„_fc)- 

f, ( ( .'^k{p)KAp) -UpY^.-Ap) -Ck{p)x^'Hp) 

sgn ^k{p)Xx^{p) 



= indp(X„_fc) sgn( 6 WaW(p) 



which proves the assertion. □ 

6. The four dimensional case 

Let X be a characteristic vector field associated to a Morin homomorphism 
ip : TM'^ — f as in the previous section. Take a section F of f as 

We denote by Z{X) and Z{Y) the set of zeros of X and Y, respectively. The 
following assertion can be proved like as in Proposition |¥TT] 

Proposition 6.1. Let Z{Xj) [j = 0,1,2,3) be the set of zeros for Xj. Then it 



holds that 




(6.1) 


Z{Y) n (Af* \ S^) = Z{X), 


(6.2) 


z(y) n \ i]2) = z(X3), 


(6.3) 


z(y) n \ El) = z(X2), 


(6.4) 


z{Y)n{j:') = z{Xi), 


(6.5) 


z(y)n(E")-A5. 



Like as for Proposition 14.21 one can prove the following assertion: 

Proposition 6.2. The first term of the right-hand side of (jl.4p in the introduction 
satisfies 

(6.6) Yl indp(y) = x{Mi) - x(Ml). 

Now the formula (|l.ip for the four dimensional case reduces to the following two 
propositions: 

Proposition 6.3. The second and forth terms of the right-hand side of (|1.4p in 
the introduction satisfy 

(6.7) indp(r)=0, 

(6.8) Y indp(r)=0. 

Proof. We set j — 3 (resp. j — 1) and fix a point p G S-' \ E-'^i satisfying Yp ~ 
arbitrarily. By the property (iii) in Definition 13. 4[ there exists a vector field Xj on 
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such that Z{Xj) = Z{Y) n (E^ \ E^-i). Setting k = 1 (resp. k = 3), we can 
apply Theorem 15. II by setting 

d d d d 

^lo ^^^Ti ^^^4-^ — 

oxi 0x2 0x3 0x4 

for a local coordinate system {U]Xi,X2,xz, xa) such that rj := d/dxi-j gives a null 
vector field. In this coordinate system, it holds that 

indp(y) = indp(X,) sgn {^A-Apf~') sgn (a^^"^' {p) 



By (iv) of Definition 13.41 it holds that 

-ds2(Xp,n,(p)) >0. 



Since k is odd and na is positively proportional to X'^'^\p)rjp, (iv) of Definition 
yields that 

< sgn(^ds2(A(4-^)(p)77p,n3(p))^ = sgn(A(4-^) (p)) . 

Thus 

indp(y) = indp(Xj) 

holds. Since Z{Xj) = Z{Y) n (S^ \ S^-i) and is odd dimensional, it holds that 

□ 

Proposition 6.4. T/ie third and fifth terms of the right-hand side of (|f .4p in the 

introduction satisfy 

(6.9) indp(r) = x(^3+)-x(^3), 

(6.10) 5] indp(F) = x{At) ~ x{A^) = #^5+ - #^5"- 

Proof. We set j = 2 (resp. j = 0) and fix a point p € E-' \ E-'^^ satisfying Yp = 
arbitrarily. By the property (iii) of the characteristic vector field, there exists a 
vector field Xj on W such that Z{Xj) = Z{Y) n (E^ \ E^-i). Setting fc = (resp. 
k = 2), we can apply Theorem 15. li on putting 

^9 9 d 

X ■= ^isTi ^^4-^ — 

0x1 0x2 0x3 0x4 

for a local coordinate system {U;xi,X2, X3,X4) such that rj := d/dxi-j gives a null 
vector field. Since j is even, it holds that 



indp(y) = indp(X,)sgn(^4-j(p))'-^sgnA(4-^')(p) 

indp{Xj) ifpeE^+ 
-inAp[Xj) ifpGEi 



indp(X,)sgnA(4--'")(p) 
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We denote by ^.^(6) and T,L{6) the closures of the sets Afsi^,^-'^) and Si \ 
Afs{T,^~^), respectively. By (iv) Xj points towards S^. Since j is even, the 
Poincare-Hopf formula yields that 

X(S^+)=X(S^+W)= E indp(-X,)= J2 indp(X,) = E indp(y). 

Similarly, we have that 

x(Si) = x(Si(<5))= ind,(X,) = - indp(r) = - 5] ind,(y), 

which proves the assertion. □ 
Remark 6.5. When M" is odd dimensional, that is, n = 2m — 1, one can prove 
Y indp(r) = - indp(-X) = -x(S^^+^) 

and 

E indp(y) = - E indp(X) = -x(S^_^+^) 

like as in Proposition 16. 4[ since X2i+i is inward for 1]^*+^ and outward for E^*^^. 
Then we have 

(6.11) 

Y indp(n = -x(S?+') - X(S?!+^) = x(S^'+') - x(S^') = -x(S'''). 

On the other hand, we have 

(6.12) Y indp(y) = x(S^^) 

like as in Proposition 16.31 Hence (|l.ll) splits into n-sets of trivial identities. This is 
the reason why we restricted our attention to even dimensional case up to now. 

7. Applications 

In this section, we shall give several applications of our formula: Recall that 
a map / : M^™ — )■ iV^™ between 2m- manifolds is called a Morin map if the 
corresponding bundle homomorphism cp ~ df as in Example 12.61 admits only Ak- 
singularities for fc = 2, . . . , 2m + 1 (cf. Remark l2.3p . 

Theorem 7.1 and [J]). Let A/^™ and A^^™ be compact oriented 2m-manifolds, 
and let f : A/^™ A^^m ^ Morin map. Then it holds that 

rn 

(7.1) deg(/)x(^^'") = x{Mln - xiAen + Y - x(A".+i)' 

where deg(/) is the topological degree of the map f and A/^™ {resp. Af^™) is the 
set of points at which the Jacobian of f is positive {resp. negative). 

This formula is a generalization of Quine's formula |10| for Morin maps between 
2-manifolds. It should be remarked that the numbering of Morin singularities are 
different from the usual one, see Remark 12.31) . For example, fold (resp. cusp) 
singularity is an ^2-singularity (resp. an ^3-singularity) in (|7.ip . 
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Proof of Theorem\71\ Let £ be the pull-back of the tangent bundle TiV^m jy2m 
by /. Then the map / induces a bundle- honiomorphism (pf-.^df: TM^"^ — > £ as 
in Example 12.61 Since / is a Morin map, Lpf has only ^/j-singular points, and then 
the formula follows from (|l.ip using the fact that Xe — deg(/)x(^^™)- Q 

Remark 7.2. When m = 2, the stable singularities of C°° maps between 4-manifolds 
consist of ^fe-singular points, elliptic and hyperbolic umbilic points. Then a gener- 
alization of (|7.ip for stable mapping / is given in [4, Corollary 5.13] as follows: 

(7.2) {degf)xiN*)^xiMt)~xiMt) 

+ xiAt) - ) + #At - #Ar + 2{#H+ - 

where =f^H^ (rcsp. =f/=H^) is the number of positive (resp. negative) hyperbolic 
umbilic points. In fact, elliptic umbilic points do not affect the formula (|7.2p . 

Next we give applications for immersed hypersurfaces in i?^™"*"^. Let M^™ be a 
compact oriented 2TO-manifold and / : M^™ j^2m+i ^ ^^yQ front. Suppose that 
there exists a globally defined unit normal vector field v along /. Then it induces 
the Gauss map 

(7.3) i) : M^"" — ^ 
and a family of wave fronts 

ft-.^f + tu {teR), 

each of which is called a parallel hypersurface of /. The Gauss map of ft is equal 
to D. 

Corollary 7.3. Let Af^™ be a compact oriented 2m-manifold and 

f ■ Ad^"^ > 

an immersion. Suppose that the Gauss map v is a Morin map. Then the singular 
set of V satisfies the identity (|1.2p in the introduction, where A/^™ is the set of 
points at which the Gauss-Kronecker curvature of f {i.e. the determinant of the 
shape operator) is negative. 

This formula is a generalization of the Bleeker- Wilson formula for Gauss maps 
of immersed surfaces in i?^™"*"^. 



Proof of Corollary \7.3\ We apply the formula (|7.ip for the Gauss map i> of the 
immersion /. Then we have that 

2(degz>) = xiMin - xiMin + E (x(^i+i) - xiA-^,)) ■ 

Since / is an immersion, it is well-known that 2{degv) is equal to x(Af^'"). 

Next, we show that M^™ (resp. M^™) coincide with the set where the Gauss- 
Kronecker curvature is positive (resp. negative): Let ds^ be the induced Riemann- 
ian metric on M^™ by the immersion /, and let ei, • • • , be an oriented local 
orthonormal frame field on M™ such that 



dv{f^j) = -~l^jdf{ej) (j = 1, . . . , 2m), 
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that is, ei,. . . , e2m are eigenvector fields of the shape operator of /, and ^i, . . . , 
fj,2m are principal curvatures. Then we have that 

2m 

(7.4) A := dct(di>(ei), . . . , d£'{e2„i), i^) = Y]_ -"j = 

where K :~ fii ■ ■ ■ fi2m is the Gauss-Kronecker curvature of /. This A is positive 
(resp. negative) if and only ii K > (resp. K < 0), which proves the assertion. □ 

Remark 7.4. Applying to (17.21) the same argument, the statement for m = 2 of 
Corollarv l7.3l is improved as follows: Let / : Af* — > R be an immersion. Suppose 
that the Gauss map j) is a stable map. Then the singular set of i> satisfies the 
identity 

2x(Ml) = x{At) - X{A^) + #A+ - + 2(#ff+ - #i7-), 

where H^H^ (resp. jj=H^) is the number of positive (resp. negative) hyperbolic 
umbilic points of v. 

Proof of Theorem We apply our formula for the bundle homomorphism 

iff -.^df : TM^"' — > £f 

as in Example 12. 71 Then it is sufficient to show that xsj is equal to 2 deg(i/). Let f 
be a vector field on the 2m-sphere 5^™. By a parallel transport, [q G 5'^™) can 
be considered as a vectors in £p for p e v^^{q). Thus, ^ induces a section ^ of f 
defined on Af^™. Then 

= indp(0 = deg(i>) indp(e) = deg(;>)x(5''") = 2 deg(z>) 

holds, which proves the identity. □ 

Next, we give an application for parallel hypersurfaces for strictly convex hyper- 
surfaces. 

Theorem 7.5. Let 5^"' be the 2m-sphere and 

be a strictly convex immersion, that is, the Gauss map v: 5^™ — > S*^™ is a diffeo- 
morphism. Let t d R be a value such that the parallel hypersurface 

has only Ak- singularities (k — 2, ■ ■ ■ , 2m + 1). Then the singular set of ft satisfies 
the identity (|1.2p and l/Kt is a ipt -function for ift ~ dft {cf. Definition \2.1\ . where 
Kt is the Gauss-Kronecker curvature of ft . 

The corresponding assertion for a convex surface f : ^ R? is given by 
Martinez-Maure [7^ under the generic assumption that the Gaussian curvature is 
unbounded at the singular set of ft, and proved in |17) for the general case. The 
above formula is a generalization of it. 

Proof of Theorem \ 7. 5\ We apply Theorem 1 1 . 1 1 for the bundle homomorphism 1^94 = 
dft : TS^™ -> f/j. Since / is convex, the Gauss map v: 5*^™ -> 5*^™ is of degree 



20 



K. SAJI, M. UMEHARA, AND K. YAMADA 



one. Since / = /o is an immersion, and the Gauss map u is common in the parallel 
family {/t}teR we have that 

x(M2™) + x(m!™) = xiS^n = 2deg(^)) 



m / 
.7 = 1 ^ 



J 

where Mf." = 5"^'" (resp. M^™ = S'^") is the set where At > 0, where A = At is 
the volume density function as in the statement of Theorem ll.il Moreover, since v 
is an immersion, one can take the Riemannian metric da^ on 5^™ as the pull-back 
of the canonical metric of S"^'" by v, and let {ei,...,e2m} be an oriented local 
orthonormal frame field on S*^™ with respect to dcr^ such that 

df{ej) = -il/^ij)di'{e^) (j = 1, . . . , 2m), 

that is, ei,. . . , e2m are eigenvector fields of the shape operator of /. Since 

dft{ej) df{ej) + tdv{ej) = - ^-^ - dv{ej), 

the Gauss-Kronecker curvature Kt of ft is expressed as 



Kt 



1 




On the other hand. 

At := det(c(ff(ei 

2m 




.,dv{e2m),v) = 

which implies that Kt is a (^t-function, where Lpt = dft. □ 

Now we consider the singularities of vector fields on M^'" . Let D be an arbitrary 
linear connection on M^™ and X a vector field defined on Af^™. One can apply 
the formula Ijl.ip for the bundle homomorphism 

tpx ■■ TM^"" 3v> — > DyX e TM'^"' 

a ipf admits only ^fc-singularities and get the formula (II. 2p . where is the set 

of points where 

forms a positive frame for a given locally defined positive frame wi , . . . , V2m on 
TpM'^™. In [16], this map was introduced on a Riemannian 2-manifold, and we 
called the singular points of ifx the irrotational points there. However, it would 
be better to call them the Ak-singular points of the vector field with respect to the 
connection D. In fact, the singular set of (px has no relation to the rotations of the 
vector fields. 

At the end of this section, we give an application for the Blaschke normal maps 
for strictly convex hypersurfaces: We fix a strictly convex immersion 
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Then there exists a unique vector field ^ along / satisfying the following two prop- 
erties, which is called the ajfine normal vector field: 

(1) the linear map 

S : TS^"' 3v^D^C 
gives an endomorphism on TS^"^, that is, S{v) := Dy^ is tangent to f{S'^™) 
for each v, where D is the canonical affine connection on 

(2) there exists a unique covariant symmetric tensor h such that 

Dxdf{Y)~h{X,Y)^ 

gives a tangential vector field on f{S^"^) for any vector fields Xi,. . . , 
on 5*^™. Since / is strictly convex, h is positive definite. Then the 2rn-form 
defined by 

n{Xi, . . .,X2m) ■■= det(d/(Xi), . . . , df{X2m),() 

coincides with the volume element associated to h, where Xi,. . . , X2m 
are vector fields on 5^™ and "det" denotes the canonical volume form of 

The vector field ^ induces a map 

(7.5) i : S^"' 3 p ^ e R'"'+\ 

which is called the Blaschke normal map of /. The following assertion holds like 
as in the case of m = 1 (cf. 16, Lemme 3.1]). 

Lemma 7.6. The Blaschke normal map ^ gives a wave front. 

Proof. Consider a non-zero section 

L : S^"' 3p^ iip, Vp) e T*i?2™+^ = X (H2"+1)*, 

where {R^'^+^y is the dual vector space of R^"'+\ and : S^"' ^ (H^^+i)* jg 
the map defined by 

i^piip) = 1, yp{df{TpS^^)) = {0} [p e S^n, 

which is called the conormal map of /. By definition, L induces an isotropic map 
of into the projective cotangent bundle P{T*R^"^+^) = R^"^+^ x P*{R'^"'+^) 
with the canonical contact structure. Take a local coordinate system (xi, . . . , X2m) 
of 52™. Then we have that 

d 

= -i^iDd/dxJxj) 

Since h is positive definite, one can show that , . ■ . , ^^2^ are linearly independent. 
Moreover, since v{TpS'^™-) = {0} for each p £ S*^™, Vji/^i, ■ ■ ■ ,t^x2„i is linearly 
independent. In particular, the map L induces a Legendrian immersion, which 
proves the assertion. □ 



d d 

dxi ' dxj 
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Figure 1. The curve 7 (left) and the profile curve of ^ (right). 

If the singular points of ^ consist only of .4fe-singular points (2 < fc < 2m + 1), 
the affine shape operator 

gives a Morin homomorphism. Applying for S, we get Theorem II. 21 

Finally, we give an example which demonstrates Theorem ll.2l Consider a plane 
curve 

which lies on the upper-half plane and gives a convex curve if < e < 1/4. Rotate 
it along the horizontal axis, we get a rotationally symmetric strictly convex surface 
in R^. The left hand side of Figure [T] indicates the curve 7 for e = 17/80, and the 
right hand side of Figure [T] gives the profile curve of the Blaschke normal map ^ of 
the surface for e — 17/80. As shown in Figure [1] (right), ^ has no swallowtails (i.e. 
it has no As-singularities), and our formula implies that the Euler number x{M-) 
vanishes. In fact, the set £,{M-) gives a cylindrical strip if one rotate the profile 
curve of f along the horizontal axis. 

Appendix A. Extension of generic vector fields 

We prove the following assertion, which is needed to prove the existence of a 
characteristic vector field associated to a given Morin homomorphism: 

Lemma A.l. Let Af " be a compact manifold and X a C°° -vector field defined on 
an open subset of A/" containing a compact subset K such that X has no zeros on 
the boundary dK of K . Then there exists a C°° -vector field X defined on Af" such 
that X coincides with X on K and has only generic zeros on Af " \ K . 

Proof. We may assume that X is defined on a neighborhood U of K . Take an open 
subset V such that 

X c F c F c C/, 

where V is the closure of V . Taking U sufficiently close to K , we may assume that 
X has no zeros on U \ K°, where K° (possibly empty) is the set of the interior 
points of K. Then we can take C°°-functions pj : M" [0, 1] {j = 1, 2) such that 
Pi = 1 on K (resp. p2 = 1 on V) and = on M"\V (resp. P2 = 1 on M\U). We 
set X :— P2X, which is a vector field on Af". It is well-known that there exists a 
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sequence of generic vector fields {^j}j=i,2,3,... on M" converging to X with respect 
to the Whitney C°° -topology. We set 

Xj := piX + {1- pi)Zj. 

Then Xj coincides with X on K, because pi ~ p2 = I on K. Since X has no zeros 
on the compact set V \ K° , Xj has a zero on p G \ K° ii X = —^^-^Zj holds at 
p. This is impossible for sufficient large j, since Zj X as j ^ oo and pi e [0, 1]. 
Moreover, Xj coincides with Zj on M" \ V, since pi = on the complement of V. 
Thus it has only generic zeros on M" \ y . In particular Xj has the desired property 
for sufficiently large j. □ 

Acknowledgements. The authors thank Toshizumi Fukui and Kazuhiro Sakuma for 
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